In this paper, we introduce an implementation of the extended finite element method for fracture problems within the finite element software ABAQUS TM . User subroutine (UEL) in Abaqus is used to enable the incorporation of extended finite element capabilities. We provide details on the data input format together with the proposed user element subroutine, which constitutes the core of the finite element analysis; however, pre-processing tools that are necessary for an X-FEM implementation, but not directly related to Abaqus, are not provided. In addition to problems in linear elastic fracture mechanics, non-linear frictional contact analyses are also realized. Several numerical examples in fracture mechanics are presented to demonstrate the benefits of the proposed implementation.
INTRODUCTION
In recent years, the extended finite element method (X-FEM) [1] has emerged as a powerful numerical procedure for the analysis of crack problems. It has been widely acknowledged that the method eases crack growth modelling under the assumptions of linear elastic fracture mechanics (LEFM). Since the introduction of the method about a decade ago, many new extensions and applications have appeared in the scientific literature, with substantially many contributions on X-FEM in recent years. We point the reader to review articles [2, 3] and to a recent monograph [4] for general overviews on the X-FEM.
We developed the present implementation of the X-FEM in the finite element code Abaqus [5] for crack propagation simulations in fretting fatigue problems [6] . In these problems cracks emanate from the edge of contact regions between bodies that experience relative displacements of small amplitude (these regions act as strong stress raisers). The Abaqus capabilities for the analysis of contact problems together with the user-defined subroutine options available in the code have proved to be useful for the analysis of these problems. In addition, the user can benefit from the many built-in features of such a code, including pre-and post-processing options. The present implementation can also be adapted by the user to extend its application to a broader class of problems.
The interest shown both by researchers in computational fracture mechanics community and by engineers in industry on our presentations at conferences [7, 8] has encouraged us to pursue the present contribution. We attempt to provide procedures that could be used by fracture mechanics practitioners who are familiar with Abaqus and can thus benefit from the crack growth modeling capabilities of the X-FEM. This paper focuses on the implementation aspects for two-dimensional LEFM applications containing single or multiple cracks. We place emphasis on the data input format and subroutines that interact with Abaqus as a finite element solver through the user subroutine UEL [5] . Some of the important steps in an extended finite element analysis are not considered, such as the crack geometry and mesh interactions that are used to determine the nodes to be enriched, element subdivisions, etc. We would like to remark that these preprocessing tools, which are not directly related to Abaqus, but necessary for a full X-FEM implementation, are not included in this work and need to be provided by the user. This pre-processing step can be tackled in one of many ways, for instance, using geometric predicates or level sets [1, [9] [10] [11] ). Similarly, the computation of stress intensity factors using the domain form of the interaction integral [12, 13] is not elaborated; details on the extraction of stress intensity factors in X-FEM can be found in Moës et al. [1] .
In Sukumar and Prévost [11] , a Fortran implementation of the X-FEM is presented, which is supported by benchmark numerical examples [14] . Bordas et al. [15] describe an object-oriented programming library for extended finite element analysis. Recently, Wyart et al. [16] provide a good description of the possible approaches that can be followed to implement X-FEM in a generalpurpose FE software. They propose a substructuring approach to decompose the cracked component into safe and cracked subdomains, which are analyzed separately by the general-purpose FE software and the extended finite element code, respectively. An alternative approach is pursued in this work: introduction of a generic enriched element based on the user-element capabilities of Abaqus. Although some researchers have introduced similar approaches for Abaqus 1 , the authors are only aware of one recent contribution [17] at the time of this writing.
In what follows, a brief review on the fundamentals of the extended finite element method is presented. Then, the kernel of the Abaqus implementation is described in Section 3, including remarks on the extension to non-linear contact problems. Several numerical examples in fracture mechanics are presented in Section 4 to demonstrate the versatility of the implementation, and
we close with a few concluding remarks in Section 5.
EXTENDED FINITE ELEMENT METHOD
In comparison to the classical finite element method, the X-FEM provides significant benefits in the numerical modelling of crack propagation. In the traditional formulation of the FEM, the existence of a crack is modelled by requiring the crack to follow element edges. In contrast, the crack geometry in the X-FEM need not be aligned with the element edges, which provides flexibility and versatility in modelling. The method is based on the enrichment of the FE model with additional degrees of freedom (DOFs) that are tied to the nodes of the elements intersected by the crack [1] . In this manner, the 1 See discussion at http://imechanica.org/node/1125 discontinuity is included in the numerical model without modifying the discretization, as the mesh is generated without taking into account the presence of the crack. Therefore, only a single mesh is needed for any crack length and orientation. In addition, nodes surrounding the crack tip are enriched with DOFs associated with functions that reproduce the asymptotic LEFM fields.
This enables the modelling of the crack discontinuity within the crack-tip element and substantially increases the accuracy in the computation of the stress intensity factors (SIFs).
Crack tip enrichment
Heaviside enrichment
Crack tip enrichment Heaviside enrichment Fig. 1 shows a portion of the mesh with four-node bilinear elements. The circled nodes are the nodes enriched with two additional DOFs (total of four DOFs per node), whereas the nodes marked with a square are enriched by eight more DOFs (total of ten DOFs per node). Elements that contain at least one enriched node are known as enriched elements. Nodes with two additional DOFs (one for each coordinate direction) have shape functions that multiply the Heaviside function H(x) (function of unit magnitude whose sign changes across the crack, H(x) = ±1). Physically, this function introduces the discontinuity across the crack faces. Nodes with eight additional DOFs are enriched in the two Cartesian directions with four crack tip functions F α (x) [18] :
Standard formulation
where r, θ are local polar co-ordinates defined at the crack tip. We note that the span of the above functions can reproduce the asymptotic mode I and mode II displacement fields in LEFM, which gives rise to the near-tip singular behavior in strains and stresses. It is well-documented in the literature [1, 14] , and also verified through our studies that these functions significantly improve the accuracy of K I and K II extraction.
The displacement approximation for crack modelling in the extended finite element method takes the form [1] :
where I is the set of all nodes in the mesh, N i (x) is the nodal shape function and u i is the standard DOF of node i (u i represents the physical nodal displacement for non-enriched nodes only). The subsets J and K contain the nodes enriched with Heaviside function H(x) or crack-tip functions F α (x), respectively, and a i , b iα are the corresponding DOFs. If there is no enrichment, then the above equation reduces to the classical finite element approximation in Eq. (1), which is discontinuous at θ = ±π.
As in the standard FEM, it is necessary to perform numerical integration over the element domain to compute the element stiffness matrix. However, the elements that contain the crack include a displacement discontinuity due to the X-FEM formulation. These elements must be subdivided into subdomains in which the crack is one of the subdomain boundaries to carry out the numerical integrations, as shown in Fig. 2 . It is important to emphasize that the mesh topology and connectivity are retained during the whole process of crack propagation, which is the main advantage of the X-FEM. Unless otherwise stated, in the numerical examples of Section 4 we have used 7 integration points in triangular subdomains and 5 × 5 integration points in both quadrilateral subdomains and within elements that are not subdivided but contain at least one enriched node. For crack-tip elements, a quasi-polar integration can also be performed [19, 20] .
Element subdivided into triangles
Crack location Element subdivided into quadrilaterals Heaviside enrichment Fig. 2 . Subdivision of elements intersected by a crack for integration purposes.
Shifted-basis formulation
From Eq. (2), it is clear that the physical displacement at an enriched node i, u xfem (x i ) is given by the standard DOFs u i plus the enriched contribution
This implies that the standard DOFs u i (the ones used by Abaqus for representing the physical displacement in its internal contact or plotting procedures) do not correspond to the true displacement computed with X-FEM. In order to make the DOFs u i of an enriched node i be the physical solution of the nodal displacement, the X-FEM has been implemented according to the following modification of Eq. (2), the so-called shifted-basis enrichment [10, 21] . In Eq. (3), x i denotes the nodal coordinates of an enriched node i. In this way, a i , b iα do not contribute to the value of the physical displacement at the enriched node i:
Since H(x) and F 1 (x) are discontinuous functions across the crack, we choose H(x) = 1 if x is on or above the crack, and H(x) = −1 otherwise. Similar choices are made in defining F 1 (x). These choices ensure that the value of the enrichment functions at any node is single-valued for any crack geometry. The enriched contribution vanishes at an enriched node, but not at an integration point. This procedure has been very useful for plotting deformed shapes in
Abaqus. In addition, it has proven to be a good way to combine user elements with the Abaqus contact capabilities, as explained in Sections 3.5 and 3.6.
ABAQUS IMPLEMENTATION FOR 2D LEFM
In this section we describe the main features related to the Abaqus [5] implementation of the X-FEM through the user subroutine UEL. Implementing the X-FEM in the commercial code Abaqus does imposes certain restrictions, but it also provides access to many of the available features of such a code.
As stated earlier, we will focus on the input files and subroutines directly related to Abaqus. However, we will also give a general overview of the pre-and post-processing steps used in our implementation.
Pre-processing: Crack-mesh interaction
A crucial step in any implementation of the X-FEM is the definition of the nodes to be enriched as a result of the crack and mesh geometries. This task can be relatively easy for 2D problems and can be tackled in different ways, whereas it becomes more involved in 3D. In order to determine the nodes to be enriched and the sign of the Heaviside function H(x i ) for 2D problems, it is sufficient to evaluate the nodal distances to the nearest crack segment and to the crack tips. In Reference [1] this is done by checking the sign of scalar products of the distance vector and the normal and tangential vectors to the crack. A similar approach is based on the use of geometric predicates [11] , where the sign of a determinant is computed to ascertain whether a point lies to the left, right, or on a line segment. The much more general level set method [22] has also been applied to LEFM problems [9, 23] . It couples very well with the extended finite element formulation and enables efficient crack growth modelling. In crack modelling using level sets, the crack geometry is represented by two level set functions, which consist of signed distance functions used to specify the location of the crack. In 3D, the use of the level set method [24] or related techniques like the fast marching method for capturing crack propagation [25, 26] becomes necessary.
In the present implementation, we have followed the simplest approach as described in Reference [1, 27] . From a typical Abaqus input file, .inp, the nodal coordinates and mesh topology are saved as ASCII files m0XY.prn, m0Top.prn.
A routine reads the nodal coordinates, mesh topology and geometry of cracks and computes the nodal distances to the nearest crack segment and to the crack tips. We note that the crack geometry is described in terms of line segments (restricted to straight-line segments in this work). As output of the pre-processing stage the files listed in Table 1 are generated. These files are incorporated within the Abaqus input file (described in Section 3.2) or read by the user element subroutine (described in Section 3.3):
Files listed in Table 1 contain the essential information that must be prepared to enter the Abaqus analysis stage; a more detailed description is provided at the web link given in footnote 2. The way in which intersected elements are Table 1 Pre-processing input files for the X-FEM Abaqus analysis.
GGnodeX
Nodes belonging to enriched elements with corresponding signed distances.
GGelemX
Enriched elements with flags indicating the type of subdivision.
GGXYC
Coordinates of vertices that describe each crack.
GGinfoX
Number of cracks, maximum number of vertices for all cracks, number of enriched elements and number of their nodes.
SETNodeX2dof
Set containing non-enriched node numbers belonging to enriched elements.
SETNodeX4dof
The same with Heaviside enriched nodes. SETNodeX10dof The same with crack-tip enriched nodes.
TopNoX
Element topology list of non-enriched elements.
TopX Element topology list of enriched elements.
TopXTypeX
Analogous to TopX with enrichment type for each node.
TopXoverlay
Analogous to TopX with an increased element number to generate duplicate elements for the overlay elements.
subdivided is not critical (provided the subelements are convex [11] ), because no inherent restrictions are placed on the shape of partitioned elements. However, a tolerance that avoids subdivision when very small regions are obtained is recommended [1, 11] . Fig. 2 gives an idea of the type of subdivision carried out in this work. Another option is to use the partitioning algorithm described in Reference [28] .
Structure of the input file
Once the elements and nodes to be enriched are defined, the Abaqus execution procedures are called to link the user subroutine UEL_XFEM that incorporates the core of the X-FEM formulation and solves the problem. In Appendix A we give an example of an input file (.inp) that can be used as a template 2 .
We have made extensive use of the convenient *nset and *elset commands to group the nodes and elements in sets. We describe now the main features introduced in the input file.
Through the *user element command, in #1 3 we define a 4-node user el- given. This is set to a large number and will be used for output of magnitudes at integration points of enriched elements (stresses, Jacobians, etc.).
The output is defined in #9.
In #2 the nodal coordinates and the topology of standard elements is introduced, using the files described in Section 3.1. The standard elements are grouped into the element set ELEMTOPNOX and also all the associated nodes into the corresponding node set.
The topology of enriched elements is introduced in #3. Here, the element set and node set are both called ELEMTOPXU12. They group all enriched elements and all nodes belonging to enriched elements, respectively. In #4 other convenient sets are introduced, especially those that will be used in #7 to restrict non-used DOFs in an enriched element.
In #5 the input of the overlay elements is carried out. This is not an essential step and can be omitted if desired. Note that these elements are assigned a different material (MaterOverlay). The material property assignment for the standard, overlay and enriched elements is done in #6. The introduction of properties for the enriched elements is done through the command *Uel property. The first two parameters are real-valued properties, corresponding to the Young's modulus E and Poisson's ratio ν. The same command is used to introduce five integer-valued properties: a flag indicating either plane stress or plane strain analysis, the number of integration points in enriched elements (for non-subdivided, for triangular-subdivided and for quadrilateralsubdivided elements) and the dimension of the physical domain of the prob-lem (2D in this work). In #7 we introduce boundary conditions to constrain non-used DOFs for nodes that belong to enriched elements. This is done in accordance to the enrichment key 0, 1 or 2 (see Section 3.1).
A very important issue is the load step definition done in #8. Solving static problems would imply the usual analysis procedure *Static. However, we have chosen to use a coupled thermo-mechanical analysis procedure *Coupled temperature-displacement. In this way, Abaqus will solve for the DOFs numbered 1-7 and 11-15 simultaneously, since DOFs 11-15 are originally conceived for nodal temperatures, as indicated earlier.
Finally, output settings are specified in #9. User elements have limited capabilities in Abaqus and are not output to the .odb file (output data base) for plotting purposes. Therefore, only information associated with the standard (non-enriched) elements will be written to the .odb file. On the other hand, the solution values for the enriched DOFs can be printed to the .dat file:
DOFs 1-7 through the label U and DOFs 11-15 through the label NT (nodal 'temperatures'). Of course, output to the .dat file is not necessary. However, it is very useful to output information to the binary results file .fil for further post-processing (e.g., for computing stress intensity factors through domain integrals). The integration point values of stresses, Jacobian, spatial derivatives of the shape functions, etc., are written as solution-dependent state variables through the label SDV. This is done for all the enriched elements grouped in the set ELEMTOPXU12. Similar information is also output to the .fil file for standard elements, grouped in the set ELEMTOPNOX.
User element definition
For running an analysis including the user-subroutine, the execution procedure is of the form [5] : As is customary in 2D implementations of the X-FEM [1] , the interaction integral [29, 30] , which is recast in domain form, is used to compute K I and K II , since energetic methods based on domain integrals yield accurate SIFs. Following Reference [1] , the q-function used in the domain integral is an annular function defined by a radius r q measured from the crack tip: q = 1 for nodes within a circle of radius r q and q = 0 for the rest of the nodes.
For the crack orientation prediction based on the values of K I and K II , the MTS criterion [31] (maximum tangential stress or hoop stress σ θθ ) is used:
where θ c is the angle that will follow the crack for each of the crack increments.
θ c is measured with respect to a local polar coordinate system with its origin at the crack tip and aligned with the direction of the existing crack. The sign convention is such that θ c < 0 when K II > 0 and vice-versa. Other criteria lead to very similar orientation angles for 2D problems (see a recent review in Reference [32] ). Once the crack growth orientation is determined, a propagation increment ∆a is added to the existing crack geometry and the analysis procedure is repeated.
Plotting
Currently, Abaqus does not have capabilities for user-element plotting because the code does not post-process the information generated by user elements.
To plot the deformed shape after an extended finite element analysis, we have Note that for the FE solution, a constraint equation for the node located at the crack tip was included to make the displacement field compatible with the neighbouring side. For the enrichment with only Heaviside functions, Fig. 3(a) , the extended finite element and FE solutions provide exactly the same DOF solution 4 . As expected, it can be observed in Fig. 3(b) that the extended finite element stress distribution is not the same as the FE solution, since the former includes the effect of the crack-tip enrichment functions.
Contact problem
Abaqus capabilities are limited insofar as user elements can not form part of a contact surface. The use of overlay elements can be of interest in applications in which the enriched elements (user-elements) must form part of contact surfaces. This situation arises when other bodies contact near a surface-breaking crack, as in fretting fatigue.
We have overcome this shortcoming using the overlay elements with a negligible relative stiffness as described earlier. Overlay elements are used to establish a master surface for the NTS ("node-to-segment") Abaqus contact algorithms.
Since these elements share the same nodes as the enriched elements, displacements associated with an overlay element are governed by the enriched element. Therefore, it is crucial that the nodal physical displacements correspond to the standard DOFs, i.e., the first two DOFs of an enriched node. The shifted basis enables this feature. Obviously, a small displacement assumption must be considered, because the displacement interpolation along the sides of an overlay element is linear.
We have used this approach for the numerical example that appear in Sec- The Westergaard's solution to the exact stress fields at any point of the plate can be expressed in terms of stress functions (see Reference [34] ). In Reference [35] , we presented explicit expressions for the stress fields in terms of the spatial coordinates, which enables the computation of equivalent nodal forces for a finite portion of the domain. We note in passing that the problem presented here does not simply correspond to the pure singular asymptotical stress field, but includes all the terms of the series expansion. For the biaxial loading with remote uniform traction σ, the stress field at a point (x 1 , x 2 ) associated with mode I loading is:
and for loading with remote uniform traction τ (antisymmetric mode or mode II) the stress fields at points (x 1 , x 2 ) belonging to the half plane x 1 ≥ 0 are given by
where m, n, |t| and φ, which are real-valued functions of x 1 , x 2 , are defined as
The crack length is a = 1 and the dimensions of the finite portion of the domain are b = 2a, c = a. Five uniform meshes have been considered, with element sizes h = a/4, a/8, a/16, a/32 and a/64. The nodal equivalent forces applied on the boundary of the model are computed for the remote loads σ, τ that yield K I,ex = K II,ex = 1. These nodal equivalent forces are sketched in Fig. 5 for the third mesh of the refinement sequence. The x 1 -and x 2 -displacements are constrained at the crack tip and an anti-symmetry constraint equation
is imposed between points of the x 2 -axis to avoid rigid body rotation [35] .
The Young's modulus is E = 10 7 (units of pressure), the Poisson's ratio is ν = 0.333 and plane stress condition is assumed. For the extended finite element solution, the crack location has been chosen to end at a node to simplify the application of the displacement boundary conditions. To verify the accuracy of the SIFs with the proposed implementation, two enrichment schemes for the crack-tip functions have been tested: the standard topological enrichment (Fig. 5, center) and the geometric enrichment (Fig. 5, right) . The geometric enrichment follows the strategy presented in References [19] and [20] , i.e., the crack-tip enriched nodes are those located within a fixed area surrounding the crack tip. The chosen fixed region is a circle of radius 0.38a. For numerical integration in enriched elements, we have used The relative error obtained for both K I and K II (in percent) is plotted in Fig. 6 . As reported in the literature, it can be seen that the error in the SIFs is in general very low, due to the enrichment with crack-tip functions. As in previous studies [19, 20] , the effect of the singularity on the convergence rate is only removed if geometric enrichment is introduced. It is well-known that the error in energy norm of a standard FE solution for a singular problem with uniform mesh refinement is bounded by
where e = u−u h is the error in displacements introduced by the finite element approximation, C is a constant that depends on the problem, h is the characteristic element size, p is the order of the elements used in the discretization (p = 1 in this work) and λ is the order of the singularity (λ = 0.5 in LEFM).
The square of the error in the energy norm is related to the error in strain energy and therefore to the error in the strain energy release rate G and the error in the SIFs [36] :
where e (K) = K ex − K h is the error in the SIF. Therefore, if the effect of the singularity is not removed, the expected convergence rate is 1 (p = 1, λ = 0.5). If the effect of the singularity is removed with geometric enrichment then Eq. (12) simply reduces to e (K) ≤ C 2 h 2p and the convergence rate is increased to 2. The results in Fig. 6 are in good agreement with these a priori estimates.
Crack propagation under mixed mode conditions
The following examples reveal the merits of the proposed implementation in Abaqus to simulate mixed-mode crack growth under quasi-static conditions.
The crack orientation angle is governed by the values of K I and K II and is computed through Eq. (4). Note that current capabilities for crack growth in Abaqus (Version 6.7) are limited to propagation between two distinct initially bonded contact surfaces, which must be defined a priori by the user. Therefore, the incorporation of X-FEM substantially complements and enhances existing Abaqus options.
Eccentric crack in cantilever beam
This problem is considered in References [18, 14] and is illustrated in Fig. 7 .
It is known that the crack propagation of an initial crack a 0 located slightly off the midplane follows a path that departs away from the initial plane.
The dimensions of the problem are a 0 = 2, w = a 0 and l = 3a 0 . Plane strain condition is assumed with material properties as in Section 4.1 and the concentrated load is P = 1 (units of force). We have solved for two initial crack locations whose offset from the midplane is ±0.035w. Eleven crack growth increments have been considered, with a fixed value of ∆a = 0.05a 0 . Fig. 7 shows a detailed view of the enriched nodes for the last increment of the propagation. The Abaqus von Mises plots show the expected crack growth pattern for the two initial cracks considered, which is in qualitative agreement with previously reported results [14] . 
Crack in a plate with a hole
The problem shown in Fig. 8 is an adaptation of an example presented in
Reference [10] . The initial crack length is a 0 = 10 mm (all dimensions in the sketch of Fig. 8 are given in mm), the material is aluminum 7075-T6, with E = 71.7 GPa, ν = 0.33 and a plane strain state is considered. The load applied for the extended finite element analysis is P = 20 kN, and linear elastic material behaviour is assumed. The analysis of quasi-static crack propagation has been carried out with twelve crack increments of ∆a = 3 mm each. Fig. 8 shows the crack propagation path obtained after twelve crack increments and a plot of the von Mises stress field.
For this problem, we carried out experimental tests with specimens 16 mm thick in order to compare the crack path to the one predicted numerically.
Fatigue tests were performed to produce a smooth crack growth with a stress ratio of R = 0.1. The applied alternating load was reduced as the crack grew to avoid premature rupture. This does not affect the crack propagation path, since the latter is based on the MTS criterion Eq. (4) that, in turn, depends on the ratio K II /K I only. The applied load yields proportional values of K I and K II , and therefore the predicted orientation angle is independent of the applied load. It can be seen that the crack trajectory obtained experimentally is in good agreement with the numerically predicted path. Five quasi-static crack growth increments have been considered, with ∆a = 3.5.
Growth of multiple cracks
Of course, both tips of internal cracks A, B are allowed to grow at each increment. The final configuration is shown in Fig. 9 (bottom right). Although no quantitative results for this configuration are available for the purpose of comparison, a qualitative assessment can be made. For instance, for the crack A, it can be seen that the crack orientation starting from both tips is normal to the maximum principal stress direction (in this zone, close to the x 2 -direction due to the near influence of boundary conditions). This is in accordance with expectations, since the MTS criterion is applied to predict the crack orientation. Step:
Step-1, Step-1-: load application Increment 1:
Step Time = 1.000 Primary Var: S, Mises Deformed Var: U Deformation Scale Factor: +7.00e+02 
Application to fretting fatigue
One of the applications of the present implementation of the X-FEM is to fretting-fatigue problems [6] . This phenomenon is characterized by the pres- As explained above, the contact between the indenter and the enriched elements that enter into contact is carried out by means of the overlay elements.
The von Mises contour plot reveals the strong crack-contact interaction that exists at the first stages of the crack growth. It is verified that the interaction effect can modify the SIF values. As the SIF range is raised to a power (greater than 3 for aluminum 7075-T6) in the typical crack growth models (Paris law and similar), an accurate SIF estimation is desirable in order to minimize the error in the estimated life. For further details, we refer to Reference [6] where a specific study on the fretting application is presented. The contact procedures and non-linear solver capabilities of Abaqus are thus combined with the advantages of X-FEM for crack modelling.
CONCLUDING REMARKS
In this paper, we presented a procedure for the implementation of the X-FEM within the commercial FE code Abaqus for two-dimensional fracture problems. The implementation was based on the user element subroutine UEL and enables the modelling of different crack locations and orientations using a single mesh that is easily generated. In addition, use of the crack-tip enrichment significantly improved the accuracy of the computed SIFs. We focused 
